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GALOIS REPRESENTATIONS ATTACHED TO 
ABELIAN VARIETIES OF CM TYPE 


BY Davide Lombardo 


Abstract. — Let A" be a number field, AjK be an absolutely simple abelian variety 
of CM type, and ^ be a prime number. We give explicit bounds on the degree over K 
of the division fields Ar(A[£^]), and when A is an elliptic curve we also describe the 
full Galois group of A’(Ators)/X. This makes explicit previous results of Serre ca 
and Ribet [H], and strengthens a theorem of Banaszak, Gajda and Krasoh [^. Our 
bounds are especially sharp when the CM type of A is nondegenerate. 

Resume (Representations galoisiennes associees aux varietes abeliennes de type CM) 
Soient K un corps de nombres, A/K une variete abelienne geometriquement simple 
de type CM et £ un nombre premier. Nous donnons des bornes explicites sur le degre 
sur K des extensions K(A[£'^]) engendrees par les points de £^-torsion de A, et quand 
A est une courbe elliptique nous decrivons le groupe de Galois de A’(Ators)/A’ tout 
entier. Cela fournit une version explicite de resultats anterieurs de Serre na et Ribet 
et renforce un theoreme de Banaszak, Gajda and Krasoh [^. Nos bornes sont 
particulierement fines quand le type CM de A est non-degenere. 


1. Introduction and statement of the result 

The aim of this work is to study division fields of simple abelian varieties of 
CM type. Recall that an abelian variety T, of dimension g and defined over 
a number held K, is said to admit (potential) complex multiplication, or CM 
for short, if there is an embedding E ^ End-j^(A) C) Q, where E is an etale Q- 
algebra of degree 2g. We shall very often restrict to the situation of A admitting 
complex multiplication by E over K, by which we mean that Endif(y4) is equal 
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to End;^(yl), and of A being absolutely simple, or equivalently, of E being a 
number field (of degree 2g over Q). The problem we discuss is that of estimating 
the degree : K], where £ is a prime number and K{A\P^]) is the field 

generated over K by the coordinates of the ^"-torsion points of A in K. As we 
shall see shortly, this is really a problem in the theory of Galois representations, 
and the seminal contributions of Shimura-Taniyama |20| and Serre-Tate [18] 
provide us with powerful tools for handling these representations in the CM 
case. Employing such tools, Silverberg studied in m the extension of K 
generated by a single torsion point of A, while Ribet gave in [Ij asymptotic 
(non-effective) bounds on [K{A[^'^]) : K] as n ^ oo. Our first result can be 
seen as an explicit version of the main theorem of m- 


Theorem 1.1. — Let K be a number field and A/K he an abelian variety of 
dimension g admitting complex multiplication over K by an order in the CM 
field E. Denote by p be the number of roots of unity contained in E and by 
h{K) the class number of K. Let r be the rank of the Mumford-Tate group of 
A (cf. definition \ 2. 10\} and i > y/2 ■ g\ be a prime unramified in E ■ K. The 
following inequality holds: 

. r’' < [K{Ar]) ■.K]<^-p- h{K) ■ rc 


Even though theorem 11.11 gives a good idea of the actual order of magnitude 
of the degree [Ar(A[£"]) : K], we can in fact prove much more precise results 
that apply to all primes I and which are most easily described in the language 
of Galois representations. Recall that for every I and every n there is a natural 
continuous action of Gal (^K/K') on A[P^], giving rise to a representation 

pir^ : Gal (K/K) ^ Aut(A[£"]); 

the extension [K{A[f'^]) : K] is Galois, and its Galois group can be identified 
with the image Gi-n of pin. Taking the inverse limit of this system of represen¬ 
tations gives rise to the £-adic representation on the Tate module T^A, 

: Gal (K/K) Aut(TM). 


We denote by G^oo the image of pi<x> and remark that, for every n, the group 
Gin is clearly isomorphic to the image of G^oo through the canonical projection 


Aut(rfA) —>• Aut 



Aut(A[r]); 


for simplicity of exposition, we fix once and for all a Z^-basis of TiA and consider 
G^oo (resp. Gin) as a subgroup of Glj 2 g{^i) (resp. of GL 2 g(Z/t'”Z)). 

We have thus reduced the problem of giving bounds on [K{A[P^]) : K] to 
that of describing Gin: in trying to do so, it is natural to compare G^oo with 
MT(A), the Mumford-Tate group of A (cf. definition 12.101) . By construction, 
MT(A) is an algebraic subtorus of GL 2 g which is only defined over Q, so there 









GALOIS REPRESENTATIONS ATTACHED TO ABELIAN VARIETIES OF CM TYPE 3 


is no obvious good definition for the group of its Z^-valued points. However, 
Ono [12] has shown that there is in fact a good notion of MT(H)(Z^) (cf. 
definition lOl) . and the Mumford-Tate conjecture [SJ §4] - which is a theorem 
for CM abelian varieties m and [10]) - can be expressed by saying that, 
possibly after replacing if by a finite extension, G^cxi is a finite-index subgroup 
of MT{A){Zi). For the sake of simplicity, assume for now that no extension of 
the base held K is necessary to attain the condition C MT(A)(Z^) (our 
results do not depend on this assumption). The problem of estimating the 
degree [K{A[P^]) : K] is then reduced to the study of two separate quantities: 
the order of the hnite group MT(H)(Z/i"’Z) and the index [MT(H)(Z^) : G^ooj. 

We treat the hrst problem in two important situations: when ^ is unramihed 
in E (a rather simple case, covered by lemma 1231) . and when the CM type of 
A is nondegenerate ('theorem l6.ll) . Our result can be stated as follows: 

Theorem 1.2. — Let A/K be an absolutely simple abelian variety of dimen¬ 
sion g, admitting (potential) complex multiplication by the CM field E. Denote 
by MT(H) the Mumford-Tate group of A and let r be its rank. 

1. If £ is unramified in E the following inequalities hold: 

(1 - !/£)’■£”’■ < |MT(H)(z/rz)| < (1 -f i/tye^c 

2. Suppose r = g -\-1. For all primes £ y 2 and all n > 1 we have 

(1 - l/£)9+i. £(s+i)" < I MT(H)(Z/rZ)| < 29 (1 -f 1/£Y~^ £i9+i)n^ 
while for £ = 2 and all n > 1 we have 

, 2(3+1)" < I mT(H)(Z/2"Z)| < 229-1 . 2(9+1)". 

As for the index [MT(A)(Z^) : G^=o], our main result is as follows (cf. deh- 
nition 12.91 for the notion of rehex norm): 

Theorem 1.3. — (Theorem \5.5\) Let A)K be an absolutely simple abelian va¬ 
riety of dimension g admitting complex multiplication over K by the CM type 
{E,S), and let £ be a prime number. If A has bad reduction at a place of K 
dividing £ let fi* = |/r(i?)|, the number of roots of unity in E; if on the contrary 
A has good reduction at all places of K of characteristic £ set p* = 1. Denote 
by r the rank o/MT(A) and by F the group of connected components of the 
kernel of the reflex norm Te* —t Te, where E* is the reflex field of E. Then: 

(1) The index [G^oo : G^oo n MT(A)(Z^)] does not exceed |/i(A)| ■h{K), where 
h{K) is the class number of K. 

(2) We have [MT{A){Zy : G^- n MT(A)(Zf)] < p* ■ [K : E*] ■ \F\^S 

(3) If £ is unramified in E and does not divide |F|, then the index 
[MT(A)(Z^) : G^=o nMT(A)(Zf)] divides p* ■ [K : E*] ■ |F|. If £ is 
also unramified in K, the bound can be improved to p* ■ iFj. 
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Finally we have r < g + 1 and |i^| < /(r) < f{g + 1), where 


fix) 


2 


/x + l 


(x+l)/2 


Remark 1.4. — A few comments are in order: 

— Theorem 11.11 follows immediately upon combining theorems 11.21 and 11.31 

— The assumption that the action of E is defined over K implies that the 
reflex field E* is contained in K, see [5J Chap. 3, Theorem 1.1]. In 
particular, the degree [K : E*] makes sense. 

— The condition £ f |i^| is certainly satisfied if ^ > |i^|: in particular, it is 
true for all primes £ > fir). 

— Since |J^| is bounded by f{g + 1), the degree [K : E*] does not exceed 
[K : Q], and g* can be controlled in terms of g alone (a trivial bound 
is for example g* < IQg'^), we see that part (2) of theorem 11.31 gives a 
universal bound on [MT(A)(Z^) : G^oo nMT(A)(Z^)] that only depends 
on g and [K : Q]. 

— For small values of g the function f{g + 1) takes reasonably small values: 
we have /(3) = 2, /(4) = 3, /(5) = 6, /(6) = 14 and /(7) = 32. 


In the special case of elliptic curves the Mumford-Tate group admits a par¬ 
ticularly simple description, which leads to a very precise characterization of 
the corresponding Galois representation. Such a description can already be 
found (in a non-effective form) in [13 Corollaire on p.302], and the following 
result makes it completely explicit: 

Theorem 1.5. — (Theorem 1 6‘. 61) Let A/K he an elliptic curve such that 
End-jj^(A) is an order in an imaginary quadratic field E. Denote by 
Poo ■■ Gal (K/K) n Aut T^A the natural adelic representation attached to A, 
i 

and let Goo be its image. For every prime £ denote by C( the group {Oe ® '^e) ^, 
considered as a subgroup o/Autz^ = GL 2 (Z£) = AutT^A, and let 

N{Ct) be the normalizer of Ci in GL 2 (Z^). 

1. Suppose that E C K: then Goo is contained in 0^^^) index 

[n^ C'f : Goo] does not exceed 3[AT : Q]. The equality G^oo = Ci holds for 
every prime £ unramified in K and such that A has good reduction at all 
places of K of characteristic £. 

2. Suppose that E K: then Goo is contained in YliN{G,) but not in 

Gi, and the index []]][^ N(Gi) : Goo] is not finite. The intersection 
Ftoo — Groo fl J~[^ Gt^ has zndex 2 %n Gtoo; and the xndex in. Gf : Hoo] does 
not exceed &[K : Q]. The equality G^oo = N(Gi) holds for every prime £ 
unramified in K ■ E and such that A has good reduction at all places of 
K of characteristic £. 
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Finally, the constants 3 and 6 appearing in parts (1) and (2) respectively can 
be replaced by 1 and 2 if we further assume that the j-invariant of A is neither 
0 nor 1728. 

As a by-product of the proof of theorem 11.31 we also obtain the following 
proposition, which slightly strengthens a result first proved by Banaszak, Gajda 
and Krasoh (H Theorem A]) by removing both the assumption that the CM 
type of A is nondegenerate and the hypothesis that ^ is completely split in K. 

Proposition 1.6. — (Proposition 1,5.611 Let A/K he an absolutely simple 
abelian variety admitting complex multiplication (over K) by the CM field E, 
and let i be a prime unramified in E. Let E* be the reflex field of E and 
suppose that A has good reduction at all places of K of characteristic 1. 

— The index [MT(A)(F^) : Ge fl MT(A)(F£)] divides [K : E*] ■ |F|. 

— If i is also unramified in K, then [MT(A)(F^) : n MT(A)(F£)] divides 

\F\. 

Let us conclude this introduction by giving a brief overview of the material 
in the paper. 

In section [5] we recall some fundamental notions about algebraic tori over 
Q and their Z^-points; this part also includes a brief account of the theory of 
abelian varieties of CM type and of their Mumford-Tate groups. In section 
[3] we apply cohomological machinery to study the map induced on Z^-points 
by algebraic maps between Q-tori with good reduction at £. With more ef¬ 
fort, the method could also give results in the bad reduction setting, but the 
argument would become quite cumbersome and the result would not be very 
satisfactory for our purposes. To remedy this situation, in section!?] we treat 
the case of arbitrary reduction through a purely geometric argument inspired 
by mi; it should be pointed out, however, that - in the good reduction set¬ 
ting - the cohomological approach gives much sharper bounds. In section |5| we 
recall a form of the Fundamental Theorem of Complex Multiplication, which 
gives a complete description of the Calois representations attached to A, and 
apply it to deduce theorem 11.31 In section |6| we give bounds on the order 
of MT(A)(Z/£”Z) under the assumption that A is of nondegenerate type, i.e. 
that rankMT(A) = dim A -|- 1. Finally, in the short section |7| we give a simple 
example that shows that the optimal bound on ^"rankMT(A) j : K] 

grows at least exponentially fast in g, so that our bounds are not too far from 
the truth. 

Acknowledgments. I thank Nicolas Ratazzi for his unending support and 
invaluable advice. I am also grateful to Jacob Tsimerman for his help with 
understanding parts of his paper . 
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2. Preliminaries on algebraic tori 

Recall that over a perfect field k there is an equivalence of categories be¬ 
tween algebraic tori and finitely generated, torsion-free, continuous Gal (fc/fc)- 
modules: if T is a A:-torus, the corresponding Gal (fc/fc)-niodule is the group of 
characters T = Horn (Tj:, . Also recall that this construction extends to 

an equivalence between finitely generated, continuous Gal (A:/fc)-modules and 
fc-group schemes of multiplicative type; we will make use of this fact to study 
the kernel of the reflex norm. We now introduce a family of Q-algebraic tori 
that will be especially relevant for us: 

Definition 2.1. — If E is any number field we set Te = Res£;/Q(Gm,Q)- 

The torus Tj; is of rank [E : Q], and it admits a very simple description in 
terms of characters: it is the Q-torus that corresponds to the free module over 
the set Hom(A,Q), endowed with its natural (right) Gal (Q/Q)-action. 

Proposition 2.2. — Let E he a number field. The torus Te has good reduc¬ 
tion at all the primes not dividing disc(£'). 

Proof. — By the Galois criterion (El Proposition 1.1]), Te has good reduction 
at I if and only if the inertia group at (a place of Q over) £ acts trivially on 
Te. In the present case Te is the free module over Hom(i?,Q), so if we let L 
be the Galois closure of A in Q the action of Gal (Q/Q) on Te factors through 
its finite quotient Gal(L/Q). Now if a prime £ is unramified in E it is also 
unramified in L, hence the inertia at £ has trivial image in Gal(L/Q) and Te 
has good reduction at £, as claimed. □ 

2.1. Points of tori with values in and Z/£"'Z. — We briefly discuss the 
various possible definitions for the group of Z^-valued points of a Q^-torus; our 
main reference for this section is [Ml §2]. Let T be a Q^-torus, not necessarily 
having good reduction over F^. We fix a finite Galois extension L of Qf that 
splits T, and we regard T as a P-module, where P := Gal(L/Q£). Also notice 
that a character v G T can in particular be considered as a homomorphism 
X:T{L)^L^. 

Definition 2.3. — Following Ono (cf. |121 §2]j, we define TifLi) to he 
Homr {t, 0^, the group of T-equivariant morphisms (of abelian groups) of 
T in . Equivalently, T{'Lf) is the maximal compact subgroup ofT{Qi). 

If furthermore we suppose that T has good reduction, then it is known 
f |231 Theorem 2 on p.l09]) that there exists a Z^-model T of T (that is, a 
commutative smooth group scheme over Spec(Z^) whose generic fiber is T). 
As pointed out in m Remark 2.2], in this case the Z^-points of T in the 
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sense of Ono agree with the Z^-valued points of T, so that we are free to use 
whichever definition we find more convenient. When a smooth model T exists 
we can also give the following definition: 

Definition 2.4. — If T has good reduction, the 'L/P^'L-points of T are the 
"L/P^7j-valued points of its smooth 1,i-model 1~. 

We still need to discuss the meaning of TifLIP^lf) when T does not have 
good reduction. The construction in this case is again due to Ono. For n > 0, 
we define subgroups of T{Qi) by the rule 

r(l + n) = {a; € r(Q,) I Viixix) - 1) > n Vy G f} . 

We simply write T{'L() for the group corresponding to n = 0: it can be easily 
checked that this definition agrees with our previous ones. We can now set 

T(Z/£"Z) = —;——_■ once again, when T has a smooth Z^-model T, 

the group TifLII^lf) agrees with Finally, when T is a Q-torus we 

define TifLIP^T) to be the group of Z/f”Z-points of T 0 Q^. We conclude this 
discussion with the following well-known lemma: 

Lemma 2.5. — Let T/Q^ have good reduction. For every positive integer n we 
have 

(1 - l/£)dimT^ndimT < \T{Zin)\ < (1 -b dim T ^ 

Proof. — A combination of Hensel’s lemma and [531 Theorem 2 on p.l04]; for 
further details, we refer the reader to (31 Lemme 2.1 and Proposition 2.2]. □ 

2.2. CM types and reflex norm. — We briefly recall the notions of CM 
type, of reflex type, and of reflex norm; we refer the reader to [141 §3] for further 
details. Let A be a CM field of degree 2g and E be its Galois closure in Q, and 
write G,H for the Galois groups Gal(.E/Q) and Gal{E/E) respectively. We 
denote by t the complex conjugation of C, or any of its restrictions, and we 
take the convention that the set Hom(A, Q) be identified with the coset space 
H\G. 

Lemma 2.6. — The degree [E : Q] divides 2^g\. 

Proof — Let Eq be the maximal totally real subfield of E and a G Eghe such 
that E = Eo{^/a). Let Eq be the Galois closure of Eq and ai = a,... ,ak G Eq 
be the conjugates of a over Q, where k < [Eq : Q] = 5 . It is clear that E 
is generated over Eq by ^/al ,..., y/af, so [E : Q] divides [Eq : Q] • 2*. As 
[Eq : Q] I g\ and k < g the lemma follows. □ 

Definition 2.7. — A CM-type for the CM field E is a subset S of H\G such 
that S n r(S') = 0 and H\G = SU t{S). 
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Let S' be a CM type for E and S be the inverse image of S in G, i.e. 
S = {(/ G G I Hg G S}. We set H' = j;/ G G | Sg = s| and let E* be the 

fixed field of El'; we then seti?=|s“^|sGS| and let R be the image of R 
in H'\G = Horn (SI*, Q). It is not hard to check that i? is a CM type for E*. 
Definition 2.8. — The pair {E*,R) is called the reflex type of {E,S). 


Finally, a CM type {E, S) is called simple if the equality 
H = {gGG\gS = s} 

holds. We are now ready to define the reflex norm: 


Definition 2.9. — Let {E,S) be a CM type, E the Galois closure of E/Q 
and {E*, R) the reflex type of {E, S). The reflex norm assoeiated with {E, S) 
is the Q-morphism 

^iE,s) ■ Te- —>■ Te 

of algebraie tori given on charaeters by 


$ 


{E,S) 


■ Te^ T| 

[ 9 ] ^ ErGliN’ 


where [g] (resp. [rg]) is the embedding of E (resp. E*) in Q induced by the 
automorphism g G Gal(i^/Q) (resp. rg G Gal(i?/Q)J. 


2.3. The Mumford-Tate group. — Our interest in the reflex norm stems 
from the fact that it allows us to define the Mumford-Tate group of a CM 
abelian variety rather directly. Before doing so, however, we need to recall how 
one associates a CM type with a CM abelian variety. 

Let AjK be an absolutely simple abelian variety, admitting complex multi¬ 
plication (over K) by the field E. The tangent space at the identity of 
is a Lf-module and an ill-module, and the two actions are compatible: it 
follows that this tangent space is a, {E ® iF)-bimodule, so it decomposes as 
Tiddly = n^Gs iG(^, where iG<^ is a 1-dimensional if-vector space on which E 
acts through the embedding tp : E ^ K. The set S of embeddings that appear 
in this decomposition can be shown to be a CM type for E, and in this case 
we say that A admits complex multiplication by the CM type {E,S). When 
furthermore we have Endi<:(Gl) = End-j^(T) we say that A admits complex 
multiplication by {E, S) over K. 

Definition 2.10. — Let A/K be an absolutely simple abelian variety admit¬ 
ting complex multiplication (over K) by the CM type {E, S), and let (E*, R) be 
the reflex type. We define the Mumford-Tate torus MT(A) to be the image of 
the reflex norm ^(e,s) ■ Te* Te- 
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Remark 2.11. — The Mumford-Tate group of A is in fact a purely geometric 
object - it can described in terms of the Hodge structure associated with the 
complex abelian variety Ac. In particular, it is insensitive to extensions of the 
base field K. 

Remark 2.12. — It is known that the rank of MT(H) is at most g + 1. When 
equality holds, the CM type is said to be nondegenerate, and the Mumford- 
Tate group has a very simple description in terms of E: if r denotes complex 
conjugation on E, for any Q-algebra B the R-points of MT(Al) are given by 

MT(H)(R) = G (R Oq R)'' I xt{x) G R'^ } . 

For all these facts see for example m, Proposition 3.3 and the remarks 
following it. 

2.4. The group of connected components of ker — An object 

which will be crucial to our study is the kernel of the reflex norm in this 

short subsection we establish a bound on the order of its group of components. 
The bound is ultimately a consequence of Hadamard’s inequality, which is the 
main tool used to establish the following lemma: 

Lemma 2.13. — Let A be a n x n integral matrix all of whose entries are in 
{0,1}. The following inequality holds: 

|detA| < [2-"(n-kl)("+ii/2j. 

Proof. — Consider the matrix 



fl 

l...l\ 

B{A) = 

0 

2A 


lo 

J 


It is clear by definition that detR(A) = 2"'det(A). Consider the matrix 
H{A) obtained from B{A) by subtracting the first row to each of the others. 
Clearly H{A) and B{A) have the same determinant, and furthermore all the 
entries of H{A) are in {±1}. In particular, the L^-norm of every row of H{A) 
is \/n + 1, so Hadamard’s inequality implies 

|det A| = 2-^^ |detR(A)| = 2-" |detR(A)| < 2-"(n -t l)(’"+i)/2. 

The claim then follows from the fact that det(A) is an integer. □ 

Lemma 2.14. — Let T : Z" — >■ Z™ be a linear map, represented in the standard 
bases by a matrix A all of whose entries are in {0,1}. Let Y be the image of 
T, denote by k the rank ofY, and let Z be given by 

Z = {z G Z™ I G Z such that qz belongs to F} . 
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The quotient ZjY, which is isomorphic to the torsion part ofU^jY, has order 
at most . 

Proof. — The order of Z/Y is given by 

gcd{det(Afc) I Ak is a minor of A of size fc} . 

Lemma 12.131 ensures that the determinant of every minor of size k does not 
exceed and the lemma follows. □ 

Proposition 2.15. — Let C be the group of multiplicative type defined by the 
exact sequence 

l^C MT(A) ^ 1 

and let C be its character group. Suppose MT(yl) has rank r. The torsion 
subgroup of C has order at most [2“’’(r + 1)*^’"“'"^^/^]. 

Proof — Let Y be the image of : Te ^ Te* and 

Z = |x S Te* I 3n G Z such that ny £ ^| • 

The torsion subgroup of C is isomorphic to Z/Y. Moreover, it is apparent 
from definition 12.91 that the matrix representing in the natural bases of 

Te*,Te has entries in {0,1}, so the proposition follows from lemma [2.141 □ 


3. Cohomology and integral points of tori 

The purpose of this section is to study the map induced on Z^-points by a 

surjection of tori over Q^. More precisely, we let T T" —^ 1 be a surjection 

of Qf-algebraic tori, and we assume that T has good reduction. We let T' be 
the kernel of ft, which is in general just a group of multiplicative type (and not 
necessarily a torus), and write F for the torsion subgroup of its character group 
T' . We also denote by a the rank of T', so that we have an isomorphism of 
abelian groups T'/F = Z“. Finally, we fix a finite unramified Galois extension 
L of that splits T, and we let T denote the Galois group of L over Q^. It is 
also useful to introduce the following notation: 

Notation. If n is any integer and € is a prime we write \n\i for When 

M is a finite group we also write \M\i for . 

With this notation we shall show: 

Proposition 3.1. — The cokernel of T/Ze) T"{Z() has order dividing 
|F| • 
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The proof is given below in 9T21 and relies mainly on the basic tools of 
Galois cohomology, together with the following classical theorem of Nakayama 
(cf. for example [THl §2, Theorem 32]): 

Theorem 3.2. — Let A and B be modules over the finite group G. Assume 
that A is cohomologically trivial. In order for Aom^B, A) to be cohomologically 
trivial it is necessary and sufficient that Ext^(i3, A) be cohomologically trivial. 
In particular, if B is Z-free, then Hom(i3, A) is cohomologically trivial. 


3.1. Preliminaries on p-adic fields. — The following two lemmas are cer¬ 
tainly well-known, but for lack of an easily accessible reference we prefer to 
include a short proof. 


Lemma 3.3. — Let L be a finite extension ofQe with ring of integers Ol, and 
letn he apositive integer. The quotient Ol/O^^ has order dividing n-\n\f^ 


Proof. — We regard all the involved groups as Z/nZ-modules with trivial ac¬ 
tion, and denote by the associated Herbrand quotient, that is to say for 
every finite Z/nZ-module M we set 


hn{M) 


\H°{Z/nZ,M)\ 

\m{Z/nZ,M)\' 


As the subgroup of principal units of Ol, has finite index in (and the 
Herbrand quotient is invariant by passage to finite-index subgroups), we have 

hffiO^) = hffiOl). 

On the other hand, 0\ contains a subgroup of finite index that is isomor¬ 
phic to Ol ([m Chapitre XIV, prop. 10]), so hffiO^) = hn{0\) = hffiOL). 
Furthermore, II^{Z/nZ,0^) = Hom(Z/nZ,0^) = order dividing 

n, while II^{Z/nZ,OL) = OL[n] = 0. The lemma then follows easily because 


the quantity 



ffi{ZlnZ,Ol) ■ hr, {Ol) divides 


n ■ hffiOL) 


IOl/uOlI 

71 - 

h^{Z/nZ,OL) 


= n • |n| 


[L:Qd 


□ 


Lemma 3.4. — Let F be a finite abelian group and L he a finite extension of 
Qf. Then | Ext^(F,)| divides |F| • 

z 

Proof. — Writing F as we have 


Ext! {F,oi) - ) = n 


FZ’ 


Ol 


o 


xdi 


The result follows from the previous lemma. 


□ 
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3.2. Proof of proposition [37T1 — Note that - since is unramified - 

the group is a cohomologically trivial F-module (cf. for example [11] Prop. 
7.1.2 (i)]). As T and T" are free abelian groups, Nakayama’s theorem implies in 
particular that Hom^T, and HoTtv^T" are cohomologically trivial 

P-modules. We will make extensive use of this fact. The character groups of 
T, T', T" fit into an exact sequence 

0 ^ f" f ^ f' ^ 0; 

applying the functor Horn (—gives another exact sequence 
0 ^ Horn {f', Horn {f, 

Horn Ext^ 0, 

where the following Ext term vanishes since T is free. If we let 
I := Image ^Hom {f, ^ Horn {t", ) ) , 

the previous sequence gives rise to the two exact sequences 

(1) O^Hom^fbO]^) ^ J^O 

and 

(2) 0 ^ ^ Horn (t", ^ Ext^ {f', 

The long exact sequences in Galois cohomology associated with m and @ 
give 

(3) 

O^Homr ^ T{Ze) ^ H°(T,I) ^ (t, Horn (f', ^0, 

(4) 0 ^ H\r,I) ^ (r, Horn (f', ^ 0, 

and 

(5) 0 ^ T''{Ze) H° (r,Ext^ ^ 0, 

where we have used the fact that Horn ^T, and Horn are coho¬ 

mologically trivial. Also notice that we have an exact sequence of F-modules 

( 6 ) Q^F^f'^f'/F^Q 

where T'/F = is free. We can then apply Horn , O^) to ([5]) to get 

0^ Hom(|fVF,C>]^) ^ Rom ^Hom(F,C>^) ^0, 
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and since Horn (^T'/F, ^ is again cohomologically trivial by theorem 13.21 we 

deduce that for every n > 1 we have canonical isomorphisms 


( 7 ) 




(r,Hom(f',0^)) (r,Hom(i^,0^)). 


Straightforward manipulations of sequences o and m show that 


|coker(T(Z^)^r"(Z^))| = 




(r, Ext^ (f ) • hi (r, Horn (f) ) 

h7(rv0 


For the sake of notational simplicity set M = Horn (E, Using (jH) and (I?]) 

we arrive at 


(8) |coker(r(Z^)^T"(Z^))| = 


h° (r,Exti hi (r, M) 


h2(r,M) 


Observe now that the group T is cyclic (since it is the Galois group of 
an unramified extension) and the module M is finite: as it is well-known, 
the Tate cohomology hh” of a cyclic group with values in a finite mod- 


ule is 2-periodic in n. Moreover, the Herbrand quotient 


equals 


m{T,M) 

1 since M is finite, and therefore h'^{r,M) = = h}{T,M) 

(for all these facts cf. for example [TTl §1.7]). Using this equality in 


we finally find |coker (r(Zf) —>• T"(Z^))| = h° ^E, Exfi ^T', ^ Propo¬ 

sition 13.11 then follows from the fact that hi’^r,Exti (^',0^^ divides 
Exti (t'= |Exti (Z“ 0 F,0^^\ = |Exti (F,(!1^)| and from lemma [3^ 


4. The cokernel of an isogeny, without the good reduction 

assumption 


Let T, T' be Q^-tori and A : T —T' be a Q^-isogeny. We do not assume that 
T or T' has good reduction, and for the purposes of this section we define the 
Zf-points of a Q^-torus to be the maximal compact subgroup of T{<Qg) (cf. def¬ 
inition [531) ■ Our aim is again to bound the order of coker ^T(Zf) T'( 


in terms of the degree m of A and of dimT = dimT' =: d. Cohomological 
tools could again be used to investigate the problem, but we find that an en¬ 
tirely different approach (through p-adic differential geometry) yields simpler 
and more effective proofs; the method is inspired by |22] . see especially lemma 
4.4 in op. cit. 
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Proposition 4.1. — Let T,T' he <Qe-tori of dimension d and X 
be an isogeny of degree m. The order 0 /coker {rifLf) T' 


m 


m 


: T T' 
is at most 


Proof — Notice first that A fits into a commutative diagram 


T'(Z^)--aT(Z^) 



T'iZe) 


and therefore it is enough to bound the cokernel of [m] : Tfhi) —>■ Tfhi). Fix 
now a Haar measure fi on TfQ^), normalized in such a way that /i(T'(Z^)) = 1. 

Consider the kernel K of [m] (as a subgroup of T'{Zi), not as a group scheme) 
and the quotient S = T'{Zi)/K, and note that tt : TfZi) —>• S' is a covering 
map. We denote by /15 the measure on S given by fj, [tt~^ (A)): 

it can also be interpreted as the measure induced on S by the (Haar) volume 
form of T'{Z(), which passes to the quotient since it is translation-invariant. 

The volume of S (for the measure fis) is - , , ^ — = r—:, and we have an 

\K\ ^ \K\ 

^-adic analytic map q : S ^ T'(Zi) such that the following diagram commutes: 


T'iZi) -- >r(Ze) 



Clearly q is an f-adic analytic embedding and we have Image q = Image[TO] =: I. 
We have the following immediate equality: 


(9) 


vol(/) 


1 


voi (r'(z^)) 


1 


On the other hand, a simple computation in coordinates shows q *= \m\‘g fis'- 
we can parametrize a neighbourhood of g € T'fZi) by x :—>■ gexp(x) (for x 
varying in some small neighbourhood of 0 in the Lie algebra of T'(Q^)), and 
composing with tt this also induces a parametrization of a neighbourhood of 
7 r(g) G S. In these coordinates the map q is simply multiplication by m, so 
its Jacobian determinant is jml^ and the change of variables formula for Cadic 
integration gives the required result. This yields 

vol(/) = f dfi= [ dfi= [ d{q*fi) = [ |m|^ d^s = |m|^ 

Jq{S) Js Js 
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and comparing this equality with equation Q gives 


coker T'{Zt) r'(Z^) 


= \T'{Z,)/I\ = 


vol(/) 


\K\ 


TO 


d ■ 

I 


Finally, it is clear that < |T'(Q^)[to]| = vnf', and this finishes the proof. □ 


5. Description of the Galois representation 

Let AjK be an absolutely simple ^-dimensional CM abelian variety admit¬ 
ting complex multiplication (over K) by the CM type {E,S). Let E be the 
Galois closure of E, denote by {E*,R) the reflex type of {E,S), and let i be 
a prime number. It is known that - since the action of E is defined over K - 
the reflex field E* is contained in K (0 Chap. 3, Theorem 1.1]), and by [IHl 
Corollary 2 to Theorem 5], the Gadic Galois representation attached to A can 
be viewed as a map 

: Gal [K/K) —>• (Endic(A) (g) ^ {Oe G ■ 

We denote by the image of We now recall the description of pt,^ 
coming from the fundamental theorem of complex multiplication, and refer the 
reader to [131 §4] and [15] for further details. Let Ik be the group of ideles of 
K. As {Oe ® is commutative, there is a factorization 

Ik - 1 Gal (K/kY’’ --^{Oe® 


Ga\{K/K) 

which (by class field theory) allows us to regard p^oo as a map from Ik to 
{Oe G ■ Let us introduce some notation: we write p{E) for the group of 
roots of unity in E, and if u is a place of K we write Ok,v for the completion 
at V of the ring of integers of AT. If u is furthermore finite we denote by Pv its 
residual characteristic; we also let VIk be the set of all finite places of K. If E 
is a number field we denote by the algebra F 0 Q^, and for an idele a G Ik 
we write ae for the component of a in . With this notation, the 

map p^oo is described very precisely by the following theorem: 

Theorem 5.1. - m Theorems 6, 10 and 11] j There exists a unique contin¬ 
uous homomorphism e : Ik ^ E^ such that, for all finite plaees v of K, the 
group £ (y^kJ^ is contained in p{E), and 

Pi°°{a) = £{a)^(^E,s) (Y^Ki/eY^^)) 
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for all a G Ik- If furthermore v G Hk is a place of good reduction for A, then 
£ {o^ is trivial. 

We now consider the restriction of to ■ O^enK ^Kv- i® well- 

known (cf. for example [101 Proposition 2.3]), this is the group of ideles of H, 
the Hilbert class field of K. In terms of Galois groups, this has the effect of re¬ 
stricting p^oo to Gal C Gal (^K/K^, so it is clear that (Gal (i7/i/)) 

is a subgroup of pf,<^ (Gal [K/K)) of index dividing h{K), the class number of 
K. Now as pi<x> factors through Gal i^K/K) we see that pi,=c[K^) is trivial, so 
we can just consider the restriction of pi<=o to OwenK v- remark 

that for an idele (ay) G OwenK ^Kv theorem l5 .1 1 implies 

e(a) = n n £{av) G p{E), 

v:A has bad 
reduction at v 

whence J := kere n lias index dividing \p{E)\ in 

and likewise the index of := kere fl Y\v\t^K,v in divides \p{E)\. 

Furthermore, since the function a i—>■ $(£,3) {NKt/E-{at)j kills when 

Pv ^ i, we have piao{J) = p£oa{Je). Also notice that, upon restriction to Je, 
the representation p^oo coincides with the map 

^ {oe<s)Z£)^ 

v\£ 



and that if A has good reduction at u, then pe<x, and (p^oo coincide on all of 
For the sake of notational simplicity let us then set 

v\£ 


{ |p(£')|, if A has bad reduction at 

some place v of characteristic £ 

1 , otherwise 

We have proved: 

Proposition 5.2. — For all primes £ the group contains p^oo (J^) as a 
subgroup of index dividing \p{E)\ ■ h{K). We have pi-^^^Ji) = and if 

A has good reduction at all places v of characteristic £ we have Ji = Y[v\e ^kv 
F inally, 



Pi°° {Ji) 


( 10 ) 
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We can now interpret as a map between algebraic tori: indeed, the 
norm Nk/e* can be seen as a morphism Tk —>■ Ie*, and YIv\£^Kv nothing 
but TkC^i), so the map is simply the map induced on Z^-points by 

o Nk/e* ■ Tk —t MT(A); 

together with the previous proposition, this implies in particular that 
p^oo [Ji) = (p^oo (Ji) is contained in MT{A)(Zi), and that (J^) has index 
at most /i* in (p^cx, (Tr'(Z^)). We thus want to understand the composition 

TE^{Ze) ^ MT(Al)(Z^), 

where for simplicity of notation we write ipt for the base-change to Qf of the 
map (•)) . Even though the extension K/E* is in general non-abelian, 

the cokernel of Nk/e* can be understood through class field theory: 


Theorem 5.3. — mi Theorem 7 on p. 161]^ Let L/M he an extension of 
local fields, and let Lab he the largest ahelian subextension of L/M. Then we 

have Nl/mL^ = (Tab)! and the cokernel — --— has order dividing 

J^l/mL 

[L : M]. 


Note that the image of ipe is open and MT{A){Zi) is compact, so the cokernel 
of tpt • Te*{Z() MT(A)(Zf) is finite; since furthermore by theorem 15.31 
^ ^ divides [K : E*] we find that 


NK/E‘‘{TKiZ^i)) 


( 11 ) 


[MT{A){Ze) : ife^iTKiZe))] divides [K : E*] ■ 


MT{A){Ze) 
i’e {Te* C^i)) 


Remark 5.4. — When i is unramified in K the local norm Tk{Zj() Te» (Z^) 
is surjective and the factor [K : E*] can be omitted, cf. [T^ Corollary to 
Proposition 3 of Chapter V]. 

It is clear that ipi = and have the same cokernel, so ultimately 

we just need to compute the cokernel of the reflex norm. Denote by T' the kernel 
of ^[e,s) cind write E for the torsion of its character group T'. By proposition 
12.151 we have |F| < [2“’'(r -|- where r = dimlm$^g = rkMT(Al) 

does not exceed 5 -I- 1. Set now T = Te* '7^ Qi and T" = MT(yl) 0 Q^, 
and let L be one of the fields appearing in the decomposition of E 0 as 
a direct sum of fields: T/Q^ is then a finite Galois extension that splits T 
(recall that E is Galois and contains E*). If £ is unramified in E (hence in 
E) the extension L/Qi is itself unramified, so T has good reduction over 
furthermore, [L : Q^] | [E : Q] | 2® • p! (cf. lemma 1^751) . 
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Applying proposition 13.II to the surjection of algebraic tori T — T" we 
find that 


( 12 ) 


coker ( TE-{1t) MT{A){Zi) 


divides \F\ ■ \F\g 


-\L:i 


and the right hand side in turn divides \F\ ■ \F\^ ^ we have thus almost 
completely established the following result: 


Theorem 5.5. — fTheorem \l.S]) Let AjK be an absolutely simple abelian va¬ 
riety of dimension g admitting complex multiplication over K by the CM type 
{E,S), and let i be a prime number. If A has bad reduction at a place of K 
dividing I let g* = |/i(i?)|, the number of roots of unity in E; if on the contrary 
A has good reduction at all places of K of characteristic I set fj,* = 1. Denote 
by r the rank o/MT(A) and by E the group of connected components of the 
kernel of the reflex norm Te* —>■ Te, where E* is the reflex field of E. Then: 

(1) The index [G^oo : fl MT{A){Zg)] does not exceed \piE)\ ■h{K), where 

h{K) is the class number of K. 

(2) ITe have [MT{A){Zg) : G^- n MT(A)(Z|)] < g* ■ [K : E*] ■ \E\^C 

(3) If I is unramified in E and does not divide |T|, then the index 
[MT{A){Zg) : G^= nMT(A)(Zf)] divides g* ■ [K : E*] ■ |T|. If I is 
also unramified in K, the bound can be improved to g* ■ iTj. 

Finally we have r < g \ and iTj < /(r) < f{g + 1), where 


fix) 


2 


/a; + 1 


(x+l)/2 


Proof — We have already proved (1): the intersection G^oo nMT(A)(Zf) con¬ 
tains ipg<x>(Jg) = /9^oo(J^), and by proposition 15.21 the group has index 

at most |/i(G)| • h{K) in G^=o. As for part (2), the exact sequence 


1 —>■ —>■ Te- 0 Qg —t MT(A) 0 (Qg —>■ 1 

induces, by quotienting out by (T')° (the connected component of the identity 
of T'), the exact sequence 


1 


Te- 


(T')° 


MT(A) (g) ( 


where is a finite group scheme of order \F\. Proposition l4. II implies 


MT(A)(Z^) 


'ipi (Te- i^g)) 


coker ( rg : 


Te- 


i(Zg} ^ MT(A)iZg)] 


(TO 

_ |^|dimMT(A) |^|— 
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which, together with equations (nnD and (HU, gives the desired result. Fi¬ 
nally, consider part (3). As is a subgroup of MT(A)(Z^) the index 

[MT(A)(Z^) : r\WI{A){'L()] divides [MT(A)(Z^) : p^oo(Jf)], and we can 

write 

p* (bydini)) 

p*-[K-. E*] • Icoker : T£;.(Z^) ^ MT(A)(Z^))| (by (HU)) 

p*-[K: E*] • |F| ■ \F\f'^'. (by (HU) 

Since by assumption £ does not divide iFj we conclude that the index 
[MT(A)(Zf) : Gfoo fl MT(A)(Z^)] divides p* -[K : E*] ■ |F|. Finally, when £ is 
unramified in K the factor [K : E*] can be omitted, cf. remark□ 

Starting from equations (HU and (HU it is also easy to prove the following 
result, which might have some independent interest: 

Proposition 5.6. — (Proposition \1.6\} Let AjK be an absolutely simple 
abelian variety admitting complex multiplication (over K) by the CM field E, 
and let i be a prime unramified in E. Let E* be the reflex field of E and 
suppose that A has good reduction at all places of K of characteristic £. 

- The index [MT(A)(F£) : Ge n MT(A)(F^)] divides [K : E*] ■ |F|. 

— If i is also unramified in K, then [MT(A)(F^) : fl MT(A)(F£)] divides 

\F\. 


MT(A)(Z^) 


Proof. — By proposition 12.21 the hypothesis implies that Te» has good reduc¬ 
tion at £, hence the same is true for its quotient MT(A), which therefore defines 
a torus over F^: in particular, the group MT(A)(F^) makes sense and its or¬ 
der is not divisible by £. On the other hand, the index of Gi 0 MT(A)(F^) 
in MT(A)(Ff) divides [K : E*] ■ |F| • \E\f'^ by proposition 15.21 and equa¬ 
tions (HU and HU, and since | MT(A)(Ff)| is prime to £ we deduce that 
[MT(A)(F^) : Ge, 0 MT(A)(F^)] divides [K : E*] ■ |F| as claimed. The sec¬ 
ond part follows by the same argument using remark [5.41 □ 


6. The Mumford-Tate group in the nondegenerate case 

In this section we consider CM abelian varieties A with nondegenerate CM 
type, that is to say we assume that rank(MT(A)) = dim A -|- 1: this is the 
“generic” case, and it is also known that all simple CM varieties of prime 
dimension have nondegenerate CM type (a result due to Ribet, cf. HU). In 
this situation we have the following bounds on the order of MT(>1)(Z/£^Z): 
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Theorem 6.1. — Suppose A is simple of nondegenerate CM type. For all 
primes £ ^ 2 and all n > 1 we have 

(1 - < I MT(y4)(Z/rZ)| < 2® (1 + 

while for (. = 2 and all n > 1 we have 

. 2 (s+i)" < I MT(A)(Z/2"Z)| < 229-1 . 2(9+1)”. 

The proof of this result will occupy sections 16.11 and 16.21 while in sections 
[Q and 16.41 we discuss the special cases of elliptic curves and abelian surfaces. 


6.1. The natural filtration on the norm-1 torus. — Let £ ^ 2 he a, 

rational prime, L be a finite extension of Qf and r be an involution of L. Denote 
L” the fixed field of r, so that L/L” is a quadratic (Galois) extension. Fix a 


squarefree d € Ol^ such that L = L'^ 
group 


s-nd consider the (multiplicative) 


C = {x G I X ■ t{x) = l} . 

We write A for a uniformizer of L”, set e = e (L^/Q^), and consider and 
vx as valuations on normalized so as to have vx{X) = 1 and Vi{£) = 1; in 
particular, vx = e ■ V£. We want to investigate the structure of the filtration 
of C given by C{n) := {x S C | vx{x — 1) > n}. It is easy to see that every 
X G (7(1) can be represented as 


x = 1 + 2du ■ a 2 +^” + 2 u 2 ■ Ai+”-\/d 


with u,U 2 G and u G N subject to the condition 

(13) m( 1 + du • A2+2’') = ^2- 

Furthermore, for n > 1 we have an exact sequence of abelian groups 

0 ^ C(n + 1) ^ C{n) ^ OlI(\)Ol, 

x—\ 


where [•] denotes the class of an element ot Ol in the quotient OhlifXfOh. Let 
us describe the image of a for n > 1. Clearly x G C{n) implies w > n — 1, and 
for V > n we have a(x) = 0; when v = n — 1 we have a(x) = [w 2 '\/d]. Notice 
now that we have an injection (of additive groups) ^ (Wfe induced by 

X I—>■ xxfd, and we claim that all points in the image of this embedding can be 
realized as a{x) for some x G C{n). This is clear for the zero element, so let us 
consider an element of the form [u 2 \/d] with U 2 G Of^-. Consider the equation 

(14) t (l + X^"'dt) = U2 

in the variable t. By Hensel’s lemma, the discriminant A := 1 + iu'^X^'^d is a 
square in (recall that n > 0). Let 1 + z be the square root of A that is 
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congruent to 1 modulo A: then z satisfies (1 + z)^ = 1 + from which 

we easily find vx{z) = 2n + vx{d). It follows that u := 
is a solution to equation (HI which is also a A-adic unit. We can then set 
a; = 1 + 2du ■ A^" + 2u2 ■ X'^x/d: by construction x is an element of C{n), and 
it satisfies a (x) = [u 2 '/d]. This shows that the image of a is in bijection with 
WOl-t- • Finally, a very similar argument can be repeated when £ = 2, except 
that Hensel’s lemma is now only applicable for n > wa(2). We thus deduce the 
following lemma: 

Lemma 6.2. — Suppose i ^ 2 . For every n > 1, the quotient C{n)/C{n + 1) 


has order 


OiT 


(A)Oix 


For £ = 2 the same conclusion holds for every n > vx(2). 


The quotients C{n)/C{n + 1) for small values of n are described by the 
following lemma: 


Lemma 6.3. — Let f be the inertia degree of L'^ over Q^. Suppose first £ ^ 2: 
then the quotient has order either 2££ or££ + l, with the first (resp. second) 
case happening exactly when L/L'^ is ramified (resp. unramified). Suppose on 
the other hand that £ = 2 and n < vx((2): then the quotient has order 

at most A£ . 


Before giving a proof, recall the following 

Definition 6.4. — Let L be a finite extension of with ring of integers 
Ol and residue field F. Let tt : > F 6 e the canonical projection. The 

Teichmuller lift is the unique group homomorphism ui : F^ —^ Of such that, 
for all y G F^, the element ui(y) £ Of is the unique solution to the equation 
= 1 satisfying tt{x) = y. 

Proof. — Consider first the case of L/L'^ being unramified (and £ 2). Let 

TT : Oi —>■ F := be the canonical projection, and observe that F has order 

£'^^. It is clear that tt restricts to a map C(0) —>■ F^, and on the other hand 
X G C'(O) maps to 1 if and only if vx{x — 1) > 0, i.e. if and only if x G C'(l): 
this implies that C'(0)/C'(1) injects into F^. The involution r induces on F an 
automorphism rp, which is necessarily the unique nontrivial involution x i-A x^^. 
Let now x G C'(O). By definition we have x • t(x) = 1, hence 

1 = 7r(x) • 7r(T(x)) = 7r(x) • T]F(7r(x)) = 7r(x)^'^“''^, 

so C'(0)/C'(1) injects into the subgroup F[ of F^ consisting of the roots of unity 
of order dividing £•£ + 1. The group Lf is of order £-^ + 1, and it is not hard to see 
that C'(0)/C'(1) surjects onto it: indeed for every h £ Ft we have u}{h) G C'(O), 
and by definition 'K{ui{h)) = h. Suppose on the other hand that L/L'^ is 
ramified, so that L = L'^{xfd) with vx[d) = 1. Again we see that C'(0)/C(1) 










22 


DAVIDE LOMBARDO 


injects into := ^ {^Ol ) (which however is not a field anymore), and the 

involution r acts on an element [a + hy/d\ € ^ (^Ol ) ’ with a,b G Ol^, by 

sending it to [a — b^fd\. Writing 'it{x) = [a + 6-\/d], the equation xt{x) = 1 
implies [a^ — db^] = 1, which in turn, since v\{d) = 1, means [a^] = 1 and 
[a] = ±1. This shows that C{Q)/C{1) injects into {±1} x a set of 

order 2-i^. On the other hand, for any value of [±1 + b^f3\ G , the equation 
a? = \+db^ (with fixed 6, in the variable a) admits solutions in Ol^ by Hensel’s 
lemma; the elements ±a + b^fd G C'(O) then satisfy 

(±a + bVd) ■ r(±a + bVd) = — db"^ = 1, 

and on the other hand 7r(±a + b^fd) = [±1 + b^fd\, so C'(0)/C'(1) actually 
projects surjectively on {±1} x this shows that |C'(0)/C'(1)| = 2(.f as 

claimed. The upper bound for i = 2 likewise follows from the fact that for any 
n > 0 the quotient C{n)/C{n + 1) injects into D 

6.2. The order of MT(A)(Z/.f"'Z). — Let i? be a CM field of degree 2g 
over Q and Te be the associated algebraic torus, and let r denote complex 
conjugation on E. If AjK is an abelian variety with complex multiplication 
by the nondegenerate CM type {E, S), it is known that we have 

MT(T)(i?) = {x G (EiSxqB)^ I xt{x) G i?^} V Q-algebra B. 

We can also consider the ‘norm 1’ (or Hodge) subtorus of MT(kl) given as 
a functor by 

Hg(H)(H) = {x G (E (g)Q B)^ I xt{x) = l} V Q-algebra B. 

We aim to give bounds on the number of j^-points of MT(H), but it is 
easier to first consider Hg(H). If we write E (Si Qi = HLi product of 

fields), we have 

Hg(H)(Q£) = I X = (xi,... ,Xs) G I xr(x) = I 

I i=i 

We can renumber the Fj’s in such a way that r acts by exchanging and 

E 2 i for i = 1,..., r and it acts as an involution on Fj for i = 2r +1,..., s. With 
this convention, a point (xi,..., X 2 r, X 2 r+i, ■ ■ ■, Xg) G HLi Hg(H)(Q^) 

if and only if X 2 i-iX 2 i = I for i = I,..., r and XiT(xi) = I for i = 2r + I,..., s, 
that is, 

r s 

(15) Hg(H)(Qf) ^ {x2^-l G F2 )_i} X {xi G E/^ | XiT(xi) = l} . 

i—1 i—2r+l 

The character groups of MT(H)q^ and of Hg(xl)Q^ are quotients of Te^Qi, 
which in turn is generated by elements of the form (xh ■ ■ ■ iXs)i where Xi 
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ranges over the embeddings of Fi in It follows that a point x G Hg(y4)(Q£) 
is in }ig{A)(Ze) if and only if for any choice of embeddings Xi ■ ^ Qt we 

have Xii^i) ^ ^^e property of being integral is Galois-invariant 

we deduce that a necessary and sufficient condition is xi G Op.. Hence we 

r s 

find Hg(A)(Z^) ^ ^ n ^ ^Fi I = l}, and a perfectly 

i—1 i—2r+l 

analogous argument shows that 

r 

Hg(A)(l -b ^ ^X2z-i G I '^dx2i-i - 1) > «| X 

s 

X {xi G Op. I V£{xi - 1) > n, XtT(xt) = 1} . 


Write Ci and fi for the ramification index and inertia degree of Ff over ' 


and Xi for a uniformizer of ^7 (z = 2r -|-1,..., s). The order of 
is then given by 


( 16 ) |Hg(H)(z/rz)| = n 


Hg(A)(Z,) 


Hg(A)(l+i:'“Z^) 


ol 

-F2i-1 

S 

X TT 

CW(0) 

1 -b 

i—2r-\-l 



where 


C^^'>{k) = {xi G Op. I vxiixi -l)>k, Xi -rixi) = 1} 


is the filtration we studied in the previous section for the field Fi and the 
involution t\f. . For i = 1,..., r let furthermore (resp. e^, fi) be a uniformizer 
(resp. the ramification index over <Qi, the inertia degree over Qf) of F 2 i-i. We 
now compute the order of Hg(zl)(Z/t!"Z). Basic properties of local fields show 


that for z = 1 ,..., r the quotient 


l+^"C>F„ 


has order 


ol 

F2i-1 

nej —1 

TT 

1 + (7rz)-'OF2i i 

1 -b FiOF2i-i 

11 

i=i 

1 + ('Tz)'^ + ^C’F2i-l 


while (for € ^ 2) lemma [6^ gives 


= (# - 1) . eA{ne,-l) ^ 




Now notice that s — 2r does not exceed g: indeed [Fi : F[] = 2 for every 




C«(0) 


^^(l) 


C'W(O) 

C^^{nei) 


C(d(l) 


C^^{nei) 


C'W(l) 


i = 2r + hence 2g = [Fi ® : Q^] > ^ [Fz : Q^] > 2(s - 2r) as 

claimed. Applying lemma 1531 we then deduce that the order of Hg(A)(Z/^"Z) 
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is at most 

2 {1 + if^) 

2—1 2— 2 r+l 

2 t* s 

■i —1 2— 2 r+l 

i=l 

<29(l + l/^f£S”, 

and at least 

_ 1) ^(ne.-l)/, + 

2=1 2=2r+l 

r s 

2^1 2=2r+l 

2 r s 

= (1 - IjiY . X J| £hn[Fim 

i —1 2=2r+l 

> (1- l/£)9.£9"; 

moreover, if for at least one index i € {2r + 1 ,..., s} the extension Fi/F[ is 
ramified, then we see from lemma 16.31 that the lower bound can be improved 
to 

(17) |Hg(A)(Z/rZ)| > 2(1 - l/£)9 • 

To finish the proof of theorem 16.II we shall use the following result: 

Lemma 6.5. — Consider the map 

T : Hg(y4)(Z/rZ) X {J.jnY' MI{A){Zin) 

{h,m) I—>■ m~^h. 

If i Y 2, the group Im'I' has order equal to ^ |Hg(A)(Z/£"Z)| x (1 — l/£)£'^ and 
has index at most 2 in MT(A)(Z/£"'Z). Moreover, 'I' is surjective if and only 
if for all X G MT(aI)(Z/^"Z) the number xt{x) is a square in (fL! £'^'lf)^. On 
the other hand, for £ = 2 we have 

— for n = 1, the group Im'l' has order equal to that of |Hg(A)(Z/2Z)| and 

is surjective; 

— for n = 2, the group Im'L has order equal to that of |Hg(A)(Z/4Z)| and 
Im'I' has index either 1 or 2 in MT(y4)(Z/4Z); 

— for n > 3, the group Im4> has order equal to 2”“^ • |Hg(y4)(Z/2"'Z)| and 
Im'I' has index 1, 2 or 4 in MT(A)(Z/2”Z); 
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Proof. — Let us start with the case £ ^ 2. The kernel of ^ is given by the 
intersection of Hg(A)(Z/£"Z) and (Z/t!"Z)^ inside MT(A)(Z/£"Z), namely 


e {z/ez)^ I hT{h) = 1 } = {/re {Zjrz)^ | /r^ = l| = {±1}, 
so Im Ik has order 

1 ... 


|ker ikl 


|Hg(A)(z/rz)| • (z/rz) 


|Hg(A)(z/rz)| 


as claimed. 

As for the index of Im 4', notice first that for every x = m~^h e Im dt we have 
that X ■ t{x) = m~^ is a square in (Z/£”Z) ^, so if ik is surjective we necessarily 
have X ■ t{x) e (Z/f"Z)^^ for every x e MT(A)(Z/£"’Z). Conversely, suppose 
that for every x in MT(A)(Z/I'”Z) the number xt{x) is a square in (Z/f^Z)^, 
say xt{x) = fJ,{x)^ with fi{x) G (Z/£”Z)^. Then every x can be written as 
X = ^{x) ■ and since is in Hg(A)(Z/.^"Z) this shows that x belongs 
to Imdi, which is therefore surjective. 

Finally, if there is a y G MT(A)(Z/^"Z) such that yT{y) is not a square in 
(Z/f^Z)^, then using the fact that (Z/^"Z)^^ is of index 2 in (Z/£”Z)^ we 
easily see that for every x G MT(A)(Z/^"Z) either x or xy belongs to Imdi, 
thus proving the remaining claim. The conclusion for 1 = 2 follows by the 
same argument upon noticing that has order 1,2, or 4, according to 

whether n is 1, 2, or at least 3. □ 


Combining this last lemma with our previous estimates gives the desired 
upper bound 


|MT(A)(Z/rZ)| < 2|Im^'| 


|Hg(A)(z/rz)| X (z/rz) 


X 


< 29(1 + 1 /^)®“^^®+^’”. 


As for the lower bound, suppose first that for at least one index i in the set 
{2r + 1,..., s} the extension Li/LI is ramified: then using the lower bound of 
equation (1171) (which is conditional on this hypothesis) we find 


|MT(A)(Z/rZ)| > i |Hg(A)(Z/rZ)| X 


{z/rzY 


> (l-l/f)®+i£(®+^)”. 


Suppose on the other hand that Li/LJ is unramified for every / = 2r + l,...,s: 
then we claim that map ik from lemma [63] is not surjective. Assuming this is 
the case, we have 


|MT(A)(Z/rZ)| > 2x-x|Hg(A)(Z/rZ)|x (z/rz)' 




which is what we want to show. We are thus reduced to proving that 41 is 
not surjective, or equivalently (by lemma 16.511 . to showing that there is an 
X G MT(A)(Z/^"Z) such that xt{x) is not a square in ifZ/P^lff'. By the same 
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argument that leads to equations m and (USD, we can represent elements of 
as tuples 

2r s 

(xi, . . . , X2r 5 ^2r+l 5 ■ • ■ 5 Tfl) ^ ^Fi ^ \ ^Fj ^ ’ 

2=1 j=2r+l 


satisfying X 2 i-iX 2 i = m for i = 1,... ,r and XjT(xj) = m for j = 2r + 1,..., s. 
Now if 2r = s it is clear that MT(A)(Z/£"Z) contains elements x such that 
xt(x) is not a square (it suffices to choose m G which is not a square in 
iZIP^Z)^ and set X 2 i-i = 1, X 2 i = m for * = 1,..., r), so we can assume s > 2r. 
For j = 2r + 1,..., s write Fj = FJ (-^/dj) for some squarefree dj G Op, (recall 
that we assume Fj/FJ to be unramified), and likewise write Xj = aj + bj^JHj 
for some aj, bj G We claim that since Fj/FJ is unramified every element 

m G Zj can be represented as — djb'j for some choice of aj,bj G Opj ■ To 
see this, notice that for fixed m and dj the conic section C : {a^ — djb'^ = mc^} 
admits a point (ao,6o,co) over the residue field of FJ; as dj is not a square 
in FJ we cannot have cq = 0, and since C is smooth the point (ao,&o,co) lifts 

to a point (a, b,c) G C , with c a unit (since it does not reduce to 0 in 

the residue field). Dividing through by then yields (a/c)^ — dj (6/c)^ = m as 
desired. Pick now a fixed non-square m G Zj and for each j = 2r + 1,..., s 
fix a representation m = aj — djbj. Take furthermore X 2 i-i = l,a; 2 i = m for 
i = 1,... ,r. 

The corresponding point x = ((xi)i^i^,,,^2r, (xj)j=2r+i,...,s,'m) ofMT{A){Zi) 
has the property that xt(x) = mis not a square in Zj , and therefore the image 
of X in MT(yl)(Z/t'”Z) has again the property that xt(x) = [m] G (Z/£"Z)^ 
is not a square. Combined with lemma 1^31 this shows that is not surjective 
in this case and concludes the proof of theorem 16. II for i 2. 

Notice now that for £ = 2 the lower bound of theorem EH is trivial for 
n < 2, so we can assume n > 3. We then remark that (by equation (117)1) 1 
Hg(Al)(Z/2"Z) has order at least 


r 

2{n — l)[F2i-i:Qi\ 

2=1 


s 

X n 

2=2r+l 


F^{e, + l) 

C^^inci) 


which (by the same argument as above, using the second part of lemma 1^7^ in 
turn is at least 


r 

2=1 


X 


> 29 (- 2 ). 

2=2r‘+l 


Furthermore, taking into account the factor coming from the homotheties - 
namely (Z/2"Z)X - we find | MT(>1)(Z/2"’Z)| > Finally, the 
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upper bound for ^ = 2 follows trivially from the previous computations and 
from the second halves of lemmas 16.31 and 16.51 

6.3. Elliptic curves. — When the CM abelian variety under consideration 
is an elliptic curve we can give a complete description of the full adelic Galois 
representation: 

Theorem 6.6. — LetAjK he an elliptic curve such t/iat End-j^(^) is an order 
in an imaginary quadratic field E. Denote by poo ■ Gal {K/K^ —>■ AutT^A 

i 

the natural adelic representation attached to A, and let Goo he its image. For 
every prime £ denote by Ct the group , considered as a subgroup 

of Autzf (Ge 0 = GL 2 (Z^) = AutT^A, and let N{Ci) be the normalizer of 

Ci in GL 2 (Z^). 

1. Suppose that E C K: then Goo is contained in 0^^^) index 

[Of Gf : Goo] does not exceed 3[AT : Q]. The equality G^oo = Ci holds for 
every prime £ unramified in K and such that A has good reduction at all 
places of K of characteristic £. 

2. Suppose that E % K: then Goo is contained in UiN{Ce) but not in 

Gg, and the index NlJGg) : Goo] is not finite. The intersection 
Hoo — Groo G Gg has index 2 in G^oo? and the index in. Cg : Hoo] does 
not exceed 6[K : Q]. The equality Gg-^ = N{Cg) holds for every prime £ 
unramified in K ■ E and such that A has good reduction at all places of 
K of characteristic £. 

Finally, the constants 3 and 6 appearing in parts (1) and (2) respectively can 
he replaced by 1 and 2 if we further assume that the j-invariant of A is neither 
0 nor 1728. 

We start by recording the following consequence of theorem 15.51 

Corollary 6.7. — Let AjK be an elliptic curve admitting complex multipli¬ 
cation (over K) by the imaginary quadratic field E. The group Ggoc is contained 
in yVT{A)lfLg) = Gg, and if A has good reduction at all places of K of charac¬ 
teristic £ the index \M.T[A){fLg) : G^oo] is at most ^[AT : Q]. If in addition £ is 
also unramified in K we have Ggoa = {Oe 0 '^g)^ • 

Proof. — Since E is quadratic, E and E* coincide and the reflex norm is 
simply the identity Te —>■ Te, hence MT(A) = Te and (in the notation of 
theorem 15.51) F is the trivial group. In particular Te{'Zi) = {Oe 0 = Cg 

contains G^oo by [IHl Corollary 2 to Theorem 5] (cf. also [TT] Corollaire on p. 
302]): the claim on the index then follows from theorem [23] upon noticing that 
[AT : E*] = [AT : A] = i[Ar : Qj. Furthermore, if i is unramified in AT, then it 
is also unramified in E, and the remaining assertion G^oo = Cg = MT(A)(Z^) 
follows from part (3) of theorem 15.51 □ 
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We shall also need some results concerning elliptic curves AjK that admit 
complex multiplication over K but not over K. We start with the following 
easy properties of N{Ct): 

Lemma 6.8. — Ci is of index 2 in N{Cf). In particular, N{Ct) is generated 
by Cl and any element in N{Ci) \ Ci. Furthermore, if Hi is an open subgroup 
of Cl, then the normalizer of Hi in GL 2 (Z^) is contained in N{Ci). 


matrices that can be written as 


Proof. — Fix u) S Oe such that (1, w) is a Z-basis of Oe- There exist c,d gZ 
such that uj satisfies the quadratic relation = cw + d. In the Z^-basis (1, uj) 
oi Oe ^ "Zi, the group Ci is the subgroup of GL 2 (Z^) given by the invertible 

? I for some a,b G Z^. We thus see 

^ba + bcj ’ 

that Cl is given by the intersection of GL 2 (Zf) with a 2-dimensional plane 11 

(that defined by the equations Xn + CX 21 = 2 ^ 22 , 2^12 = dx 2 i, where Xij is the 

coefficient on the i-th row and j-th column). In particular, for an element 

g G GL 2 (Z^) the condition of normalizing Ci is equivalent to that of stabilizing 

n. The latter is a Zariski-closed condition, and since any subgroup Hi of Ci 

open in the .^-adic topology is Zariski-dense in 11 we see that if g normalizes 

Hi, then it stabilizes 11 and hence it normalizes Ci. Finally, with the explicit 

description at hand it is immediate to see that [N{Ci) : Ci] = 2, and that a 

nontrivial element of N{Ci) \ Ci is given f q 


Lemma 6.9. — Suppose A/K is an elliptic curve such that Endif(A) = Z but 
End-jj^(A) is an order in an imaginary quadratic field E: then for every prime 
I the group Gi<x, is contained in N(Ci). 

Proof. — The field = K-E is a quadratic extension of K over which all the 
endomorphisms of A are defined, and the group G]oo = pi<=° ^Gal is 

a closed subgroup of Gi<x, of index at most 2 (hence in particular it is normal 
and open in Gi^). Let R = End-j^(A). Since A admits complex multiplication 
by R over K^, we know by [T71 §4.5, Gorollaire] that G^oo is of finite index in 
{R ® Zi)'^, which in turn is of finite index in Ci. Thus the normalizer of Gj^a 
is included in N{Ci) by lemma 1^751 and since G)oo is normal in Gi<^ we have 
G^oo C N{Gl^) C N{Ci) as claimed. □ 


Lemma 6.10. — In the situation of the previous lemma, for all primes I the 
group Gi<x> has nontrivial intersection with N{Ci) \ Ci. 


Proof. — For all primes i we have Gi<x> C N(Ci). On the other hand, we know 
by Faltings’ theorem that the centralizer of Gi^ in End (TiA) 0 Qi equals 
End/f ( 2 I) 0 Qf = Q^. It follows that Gi<=c cannot be abelian, for otherwise its 
centralizer would contain all of G^oo (which is not contained in the homotheties 
Q^): in particular, Gi^a must have nontrivial intersection with N(Ci) \ Ci. □ 
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We can now prove theorem 16.61 

Proof. — (of theorem 16.611 The proof is quite similar to that of theorem 15.51 
the main differences being that we need to treat all places at the same time and 
that the action of E needs not be defined over K. Consider first case (1). The 
inclusion G^oo C Ce is part of corollarv l6.7l and implies Goo ^ — Y\t 

In particular, Gao is abelian, so class field theory allows us to interpret pao as 
a map 

Ik^\{Ce 

i 

that is trivial on K*. As in the proof of theorem l5.5l since we are looking for a 
lower bound on Goo no harm is done in replacing Ix by the group of ideles of 
the Hilbert class field of K; concretely, this means considering the restriction 
of Poo to where fix is the set of finite places of K. Recall from 

v£Qk 

theorem 15.II that the action of poc on a finite idele a = (ay)v^nK is given by 
Poo(a) = e(a) (iVic./is,• 

As in the proof of theorem l5.5l if we let p(E) be the group of roots of unity in 
E we know that kere is a subgroup of v index at most \p.{E)\, 

and since A is a quadratic imaginary field we have \p{E)\ < 6. Therefore the 
image of poo bas index at most | kere| < 6 in the image of the map 

Poo ■ ritienK 

{a)v i-A [Nxi/Ei{at)) g 

given by taking local norms from Ki to E^. Hence in particular we have 
[n^G,:Goo]<6[n, Ct : Im(/?oo], and it suffices to show that 

Gf : Im (fioo 

. e 

which follows from [TJ Theorem 7 on p. 161] (the global field counterpart of 
theorem lOl) . The remaining assertion of part (1) is exactly the content of 
corollary 16.71 

As for part (2), we have seen in lemmas [6.91 and [6.101 that in this case G^oo 
is contained in N{Ci), but not in Ci. If we let = K ■ E, then A admits 
complex multiplication by E over K^, so poo ^Gal (AT^/AT^)^ is contained in 
JJ^Cg by part (1). Since Gal has index 2 in Gal(Ar/Ar) we must 

have Hoc = Poo ^Gal (Afi/AT^)^, so that the index [Goo : Hoo] is indeed 2 and 

applying part (1) we find [H^ Cg : iJoo] < 3[Ar^ : Q] = 6[Ar : Q]; moreover, the 
index [UgNiCg) ■ Goo] is not finite since the same is clearly true for the index 
Finally, if i is unramified in we see from corollary 16.71 


<[K:E] = ^[K-.Q], 
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(applied to AjK^) that G^oo contains all of G^, and by lemma IB. 101 we know 
that G^=o also contains an element of N{Ct) \ Cg,. The equality G^oo = N{Cg) 
then follows from lemma 15^ 

As for the last assertion, notice that if we exclude elliptic curves with j- 
invariant equal to 0 or 1728 the field of complex multiplication E is neither 
Q{i) nor Q(C 3 ), so the only roots of unity in E are ±1. This implies that here 
has index at most 2 in O^enK j ^.nd the same argument as above shows that 
the constants 3 and 6 can indeed be replaced by 1 and 2. □ 

Remark 6.11. — The following simple example shows that the constants 3 
and 6 cannot be improved in general. We consider the elliptic curve A over the 
field K = Q (^ 3 ) given by the Weierstrass equation + 1. As it is clear, 

A has complex multiplication (over K) by the full ring of integers oi E = K. 
Moreover, all the 2-torsion points of A are defined over K, so G 2 has trivial 
reduction modulo 2. Hence G 2 is a subgroup of ker(Z 2 [C 3 ]^ —>■ F 2 [C 3 ]^), and 
its index in (Oe ® ^ 2 )^ = Z 2 [C 3 ]^ is divisible by |F 2 [C 3 ]^| = 3. Likewise, the 
fact that the 3-torsion point with coordinates (0,1) is defined over K shows 
that the index of G 3 in (G^jigjZa)^ is divisible by 2. Thus we conclude that the 
index of Goo in least 6 = 3[iL : Q], so that the constant 3 is indeed 

sharp. Finally, considering the Q-elliptic curve given by the same Weierstrass 
equation shows the optimality of part ( 2 ): in this case iLoo is exactly the image 
of the Galois representation attached to A/K, so we have Cg : iLoo] = 6 by 
what we just showed. 


6.4. Abelian surfaces. — An easy direct computation shows that when 
dim A = 2 the kernel of the reflex norm is always connected, and therefore 
the group E of theorem 15.51 is trivial. Since furthermore simple CM types are 
automatically non-degenerate in dimension 2, combining theorems 15.51 and 16.11 
we deduce: 


Corollary 6.12. — Let A/K he an absolutely simple abelian variety of di¬ 
mension 2. Suppose that A has CM over K by the field E and let i be a prime 
number such that A has good reduction at all places of K of characteristic L 
The group Gg<x, nMT(A)(Z^) has index at most [K : E*] in MT(A)(Z^), hence 


we have [Ar(A[£"]) : K\ > 


1 


(1 — X/iyE^ for I while for £ = 2 we 


[K : E*] 

have [A'(A[2"]) : K] > ^ unramified in K ■ E we 

even have [K{A[K\) : AT] > (1 — \ll'f‘£?'^■ 


7. A family of varieties with small 2-torsion fields 

Let p > 3 be a prime number and ATp be the cyclotomic field Q (Cp)- We let 
Gp be the unique smooth Ap-curve birational to y^ = x{l — x) and J(p) be its 
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Jacobian, again over Kp. It is clear that Cp admits an action of /ip, so J(p) 
is a CM abelian variety, admitting complex multiplication over Kp by the full 
ring of integers of Kp. Notice furthermore that Cp is birational to the curve 

=u;P + l/4 

(just set a; = z + 1/2, y = —w), so it is hyperelliptic of genus Direct 

inspection of the model y^ = x(l — x) reveals that Cp is smooth away from p, 
so J {p) has everywhere good reduction over Kp except perhaps at the unique 
place dividing p. The reflex field is K* = Kp. Let us compute the CM type S 
of J{p): in the basis ujj := ^ (j = 0,..., of the space of differentials 

on Cp, the action of Cp is given by [Cp]*Wj = hence the CM type, 

considered as a subset of , is {l,..., Equivalently, 

where (g) is the unique integer lying in the interval [0,p— 1] that is congruent 
to g modulo p. This description shows that our CM type agrees with the type 
Si described in [7], which by [Tj Lemma 1] is nondegenerate (cf. also 0): thus 
we have rankMT(A) = dim A + 1 = 

Let now /?i,..., /3p be the roots of + 1/4 = 0 in Q, and let Pi = (/3i, 0) 
be the corresponding points of Cp (in the coordinates {w,z)). Finally, for 
* = 1,... ,p let di denote the divisor (Pi) — (oo). It is known (see for example 
[21 §5.1]) that the 2-torsion of J{p) is an F 2 -vector space of dimension p — 1 
spanned by the d/s, which are only subject to the linear relation J2i=i — P]- 

It follows that the 2-torsion field Kp(J{p)[2]) = Kp{{j3i}) = Kp ^-^1 /4^ has 

degree p over iCp, so for £ = 2 and u = 1 the ratio £"i'ankMT(A) j 
is given by 

2rankMT(A) 2(P+l)/2 ‘2d\m.J{p) + l 

[K{J(p)[2]) : K] p 2dim J(p)-I-1 ’ 

which shows in particular that, as claimed in the introduction, the optimal 
bound on the quantity £"''ankMT(A) j \^x{A[P^\) : K\ grows at least exponen¬ 
tially in the dimension of A. 
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